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A wide class of practical problems is reducible to the solution of differential 

equations with unbounded coefficients given on the whole real line. In the present 

paper the main object of research is a singular differential equation of the second 

order of the form 

 

𝑙𝑦 ≔ −𝜌(𝑥)(𝜌(𝑥)𝑦′)′ + 𝑟𝑦′ + 𝑠𝑦 = 𝑓(𝑥), (1) 
 

where 𝑥 ∈ ℝ, 𝜌(𝑥) is a positive and twice continuously differentiable function, 𝑟 is a 

continuously differentiable function, and 𝑠 is a continuous function, 𝑓 ∈ 𝐿𝑝(ℝ),  

1 ≤ 𝑝 < +∞. Singularity of equation (1) means that it is defined in a noncompact 

domain, and its coefficients may be unbounded functions. In this dissertation the 

issues of solvability, uniqueness of the solution, and determination of smoothness 

properties of solutions of equation (1) with fast-growing function 𝑟 are considered. 

The problems of stochastic analysis and stochastic differential equations are 

reducible to the equation of the form (1) with unbounded coefficient 𝑟 as well as to 

its multidimensional generalizations. Their well-known representatives are the 

Ornstein-Uhlenbeck and Fokker-Planck-Kolmogorov equations, which have been 

actively studied since the first half of the twentieth century. In the theory of Brownian 

motion of particles, the intermediate and leading coefficients 𝑟 and 𝜌 represent such 

parameters of motion as displacement and covariance matrix respectively. One of the 

important problems is to find new more general classes of covariance matrices, 

including the case of degeneracy of the equation under which (1) remains correctly 

solvable. 

One of the fundamental properties of the solution of the differential equation 

(1) is its so-called 𝐿𝑝-maximal regularity, i. e., the estimate 

 
‖𝜌(𝜌𝑦′)′‖𝑝 + ‖𝑟𝑦′‖𝑝 + ‖𝑠𝑦‖𝑝 ≤ 𝐶‖𝑓‖𝑝 (2) 

 

with some constant 𝐶, independent of the unknown function 𝑦, where ∥⋅∥𝑝 is a norm 

of 𝐿𝑝 space. In this case, inequality (2) is called the coercive estimate or 𝐿𝑝-maximal 



regularity estimate of the solution of equation (1). In this case, the differential 

operator 𝑙 corresponding to equation (1) is called separable in the 𝐿𝑝 space. It is of 

interest the proof of the 𝐿𝑝-maximal regularity of the solution of equation (1) when 𝑟 

grows rapidly and does not obey the growth of other coefficients, which was 

presented in the dissertation research. 

The purpose of the dissertation research is to expand the classes of 

coefficients 𝜌, 𝑟, and 𝑠 for which equation (1) is uniquely solvable and the solution is 

𝐿𝑝-maximally regular, as well as to establish the spectral properties of the associated 

with equation (1) singular second-order differential operator 𝑙. 
The objectives of the dissertation research are 

• to find conditions for the existence and uniqueness of the solution to the 

linear equation (1) in the 𝐿𝑝 space (1 ≤ 𝑝 < +∞); 

• to establish conditions for the maximal regularity of the solution of the 

linear equation (1); 

• to establish spectral and approximation properties of the linear operator 𝑙 
corresponding to equation (1); 

• to find conditions for the solvability of the nonlinear equation (1). 

The following research methods: 

• a priori estimates and localization methods, 

• the theory of operators with a closed range, 

• Schauder theory, 

as well as weighted Hardy type inequalities and M. Otelbaev's mean functions 

apparatus are used in the dissertation research. 

The main provisions for the dissertation defense and the results of the 

research. The following main results of the dissertation were submitted for defense: 

• sufficient conditions for the correct solvability of the linear equation (1) in 

the 𝐿𝑝 space were found (1 ≤ 𝑝 < +∞); 

• 𝐿𝑝-maximal regularity of the solution was proved for a sufficiently wide 

class of linear equations of the form (1) (1 ≤ 𝑝 < +∞); 
• sufficient conditions for the correct solvability of linear equation (1) in 𝐿2 

space in the case when the coefficients 𝜌(𝑥) and 𝑟(𝑥) are strongly 

oscillating functions were found; 

• two-sided estimates for the radius of Fredholm of the resolvent 𝑙−1 of the 

linear operator 𝑙 generating (1) in 𝐿𝑝 space (1 < 𝑝 < +∞) were obtained; 

• a criterion for the compactness of the resolvent of a linear operator 𝑙 in the 

case 𝜌 ≡ 1 in 𝐿𝑝 space was obtained, 1 < 𝑝 < +∞; 

• sufficient conditions for the solvability and 𝐿2-maximal regularity of the 

solution of the nonlinear equation (1) were obtained. 

Scientific novelty of the research topic and the significance of the results 

obtained. All the results obtained in the dissertation are novel. The main difference 

of the equation (1) considered and the previously investigated second-order singular 

differential equations is that all its coefficients 𝜌, 𝑟, and 𝑠 are unbounded, and the 

coefficient 𝑟 at the first derivative does not obey the leading and minor coefficients of 



the equation. In the early authors' papers, there was considered the case 𝜌 ≥ 𝛿 > 0 

and the growth of the coefficient 𝑟 at infinity is bounded by some positive degree 𝑠 in 

(1). In works concerning multidimensional generalizations of equation (1), it is 

assumed that the intermediate coefficient 𝑟 can grow at infinity no faster than 

|𝑥|ln|𝑥|. 
The solvability of equation (1) in the case where |𝑟| grows faster than |𝑥|ln|𝑥| 

and does not depend on 𝑠, and the function 𝜌(𝑥) is assumed to be separate from zero 

and bounded, was previously studied in K. Ospanov’s and R. Akhmetkaliyeva’s 

papers. In the present dissertation, in contrast, we considered the case when the 

coefficient 𝜌 can tend to zero at 𝑥 → +∞, or at 𝑥 → −∞, i. e., when equation (1) is 

degenerate. 

The investigation of equation (1) in the case of more rapid growth of the 

coefficient 𝑟 requires the involvement of fundamentally new research methods and 

tools. In the present work we found that the growth of the coefficient 𝑟 allows us to 

strongly relax restrictions to the coefficient 𝑠. For example, 𝑠 can change its sign and 

approach −∞ with a certain rate, and the rate of the approach of 𝑠 to −∞ depends on 

the growth rate of |𝑟|. Note that the study of the Sturm-Liouville singular equation 

(the case of 𝜌 ≡ 1, 𝑟 ≡ 0 in (1)) usually requires the condition 𝑠 ≥ −𝑘𝑥2 for some 

𝑘 > 0. For equation (1) with unbounded 𝑟 this condition is not necessary. 

The obtained results generalize the earlier studies by K. Ospanov, 

R. Akhmetkaliyeva, as well as D. Beisenova, dedicated to differential equation with 

fast growing intermediate coefficient. They also extend the results of studies by 

M. Muratbekov, M. Otelbaev, R. Oinarov, and K. Boimatov to the new classes of 

second-order differential equations. The results of the dissertation can be applied to 

the problems of stochastic analysis, Brownian motion theory, financial mathematics 

and biology. 

The topic of the dissertation research corresponds to the priority development 

area "Scientific research in natural sciences", specialized scientific area 

"Fundamental and applied research in mathematics and mechanics". Some of the 

results of the dissertation were included into the final report on the grant project 

AR05131649 "Elliptic equations with a shift: regularity and approximative properties 

of solutions" (2020), as well as in the interim report for 2020 on the project 

AR08856281 "Nonlinear elliptic equations with unbounded coefficients". 

Publications. The main results of the dissertation have been published in 11 

papers, including 1 paper in a ranked journal Turkish Journal of Mathematics, 

included in quartile Q3 of the Web of Science database, 3 articles in the journals 

recommended by the Committee for Control in the Sphere of Education and Science 

of the Ministry of Education and Science of the Republic of Kazakhstan, 7 papers in 

the proceedings of international scientific conferences. In the collaborative 

publications research problem statements belongs to research advisor K. N. Ospanov, 

and the formulations and proofs of the main statements have been made by the 

applicant A. N. Yesbayev on his own. 


